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Abstract

Boundary representation models reconstructed from 3D rangedata su�er from var-
ious inaccuraciescausedby noisein the data and the model building software. Such
models can be improved in a beauti�cation step, which �nds geometric regularities
approximately present in the model and imposesa consistent subset of them on
the model. Methods to select regularities consistently such that they are likely to
represent the original, ideal design intent are presented. E�ciency during selection
is achieved by consideringdegreesof freedomto analysethe solvabilit y of constraint
systemsrepresenting the regularities (without actually solving them). Priorities are
used to select regularities in caseof inconsistencies.The selectedset of constraints
is solved numerically and an improved model is rebuild from the solution. Experi-
ments show that the presented methods can beautify modelsby selectingconsistent
regularities and enforcing major intended regularities.

Key words: ReverseEngineering; Beauti�cation; Geometric Constraints; Degrees
of FreedomAnalysis.

1 In tro duction

Reverseengineeringgeometricmodelsusesinformation from a physical object
to reconstruct a CAD model for applications like redesign,reproduction and
quality control. Our particular goalis to reconstructa boundaryrepresentation
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(B-rep) model which exhibits the exact geometric properties present in the
original, idealdesign,usingminimal humaninteraction, starting from 3D range
data. Such a system should provide a simple, high-level user interface for
inexperiencedand non-engineeringusers,as well as engineers.

Introductions to reverse engineeringare given by V�arady et al. in [23,24].
Our approach starts with a data acquisition phasewheremultiple views of a
physicalobject areobtainedusinga 3D laserscanner.The viewsareregistered
to form a singlepoint set,which is then triangulated. Local propertiesderived
from the triangulation are usedto segment the point set into subsetswhich
represent the natural surfacesof the object. To each of the subsetsa surface
(or surfaces)of appropriate type is �tted separately[2,26].The resulting faces
are stitched to createan initial B-rep model.

In this paper we considerengineeringparts with only planar, spherical,cylin-
drical, conicaland toroidal surfacesthat either intersectat sharp edgesor are
connectedby �xed radius rolling ball blends.There are reliable surface�tting
methods available for thesesurfaces[2,26]and many realistic engineeringob-
jects can be generatedusing only thesesurfacetypes[18,19].We assumethat
the blendshave beenidenti�ed in the model and are represented as edgeand
vertex attributes. Hence,we ignore them in the rest of this paper.

State-of-the-art reverseengineeringsystemscancreatevalid initial B-rep mod-
els approximating physical objects. However, theseinitial models su�er from
various inaccuraciesresulting from sensingerrors arising during data acqui-
sition as well as approximation and numerical errors in the reconstruction
process.Improving the precisionof sensingtechniquesand numericalmethods
may reducethe errors, but someerrors will always remain. Other sourcesof
error may alsobe present, such aswear of the object and the particular man-
ufacturing method usedto make it. Certain intendedregularities, e.g.aligned
cylinder axes, are an important part of engineeringdesigns.They must be
present for reverseengineeredCAD models to have the greatestusefulnessto
applications like redesign.To ensuretheir presence,they have to be enforced
at somestageof the reverseengineeringprocess.

Previousapproachesfor enforcingregularitiesarebasedon constrainedsurface
�tting methods [1,25,27],which, for example, �t two planes simultaneously
under the constraint that they areorthogonal.Another approach is to drivethe
segmentation and surface�tting phasesusing featureslike slots and pockets
whoseapproximate locations and typesare provided by a user [22].

Our approach is to improve the initial model in a separatepost-processing
step which we call beauti�cation . Improving the model without further refer-
enceto the point data avoidsthe computational expenseof constrained�tting.
The processconsistsof three main steps.First we analysethe initial model to
detect approximate geometricregularities, in terms of geometricconstraints:
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e.g.we look for approximately alignedcylinder axes.As theseregularities are
only approximately present, the detected regularity set is likely to contain
inconsistencies.Hence,in a hypothesizer step we selectan appropriate con-
sistent subset which represents the likely original design intent. Finally we
reconstruct an improved model basedon the selectedregularities.

In [10{12] we presented methods to detect approximate regularities based
on local relations in a B-rep model, such as parallel or orthogonal planes.
An overview of the regularities and how they are expressedusing geometric
constraints is givenbelow. Algorithms for processingglobal regularitiessuch as
symmetriesof a B-rep model arediscussedin [5,16,17],and arenot considered
here,but could be addedto our beauti�cation systemwithout major changes.

To enforcea consistent subsetof the potential regularitieson the initial model,
we require algorithms to detect inconsistenciesand resolve them intelligently
sothat the resulting model is likely to represent the original designintent. This
paper concentrates on presenting an e�cien t method for detecting inconsis-
tenciesbetween regularities. By representing the regularities as constraints,
we can detect inconsistenciesby consideringthe solvabilit y properties of con-
straint systems,using degreesof freedomanalysis[8]. While many constraint
solving methods are available, most are aimed at �nding the solution of well
constrainedsystems[3]. In our casemany constraints contradict each other,
and relatively few are chosen for the �nal system. During regularity selec-
tion we are more interested in the solvabilit y of a constrainedsystemthan a
solution.

In order to prefer likely regularities we prioritize the regularities and consec-
utively add them to a constraint system.We only accept a regularity if the
expandedconstraint system remains solvable. The priorities are determined
by merit functions indicating the desirability and likelihood of the regularity
in the ideal design,and the accuracy to which the regularity is satis�ed in
the initial model. This approach was �rst usedin [9], wheresolvabilit y of the
constraint system was decidedby trying to solve it numerically using least-
squaresoptimization algorithms. This successfullycreated improved models
and the selectedconstraint systemswere consistent up to a numerical toler-
ance.However, for each addedregularity, the whole constraint systemhad to
be solved numerically, so the time required (many hours) to �nd a consistent
constraint systemwas too long for practical purposes.

In this paper we determine the solvabilit y of a constraint system without
solving it. This dramatically reducesthe computing time (to a few minutes at
most). It guaranteesthe consistencyof the constraint systemin a genericsense.
Certain special situations are not detectedas will be explainedlater, but our
experiments show that this is not a problem for typical objects. By employing
priorities in combination with our solvabilit y test, reverseengineeredmodels
can be improved such that the major regularities are enforcedexactly. Minor
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regularities relating to the exact instanceof the model, e.g.edgelengths, are
selectedconsistently, but due to uncertainty represented by tolerancesin the
initial model, they may not exactly represent the original design.

We �rst overview the regularities we consider,how we �nd them, and how we
represent them with geometricconstraints. Then wepresent the top level algo-
rithm for selectingregularities.The solvabilit y test and priorities employed by
this algorithm are discussedin detail in the following sections.After explain-
ing the constraint selectionprocess,we describe how we numerically solve the
constraint systemand construct an improved model. Finally we present some
experimental results.

2 Geometric Regularities

We �rst give an overview of the geometricregularities usedin this work and
how they can be expressedin terms of geometricconstraints. This is a sum-
mary of earlier work on representing [9] and detecting regularities [10].

Approximate geometricregularitiesarede�ned in termsof similarities and reg-
ular arrangements which lead to e�cien t algorithms for detecting them [5,10{
12,16,17].ReconstructedB-rep models are represented by elements like faces
and vertices together with information about the topology of the model. We
describe each of the elements by a type and a set of appropriate positional,
directional, length and angular features (here, featuresdescribe shape prop-
erties, not machining features like slots or pockets). E.g. an element of the
type sphericalface is described by a positional (centre) and a length (radius)
feature. A feature is either a scalaror a 3D vector. Directions are always rep-
resented by unit vectors. There are basic features required to describe the
object (e.g. the centre, radii and direction for a torus) and extendedfeatures
dependent on other featuresfor additional properties(e.g.the sumand the dif-
ferenceof the radii of a torus) as listed in Table 1. Polygonal loop root points
(extendedfeaturesof planar faces)are the centroids of their edgeloops.Reg-
ularities are detectedas similarities betweenthe features,e.g. approximately
parallel directions. We also look for regular arrangements such assymmetries
of positionsor symmetrically arrangeddirections (using the Gaussiansphere).

We use auxiliary objects to describe certain regularities. E.g., for a set of
parallel directions, we constrain each element to be parallel to an auxiliary
direction rather than constraining them to be pairwise parallel. This avoids
the introduction of complexconstraint typeswhich are hard to handleduring
the regularity selection.We have auxiliary lines, planes,cylinders, positions,
directions, anglesand lengthswith the samebasicfeaturesasthe correspond-
ing geometricobjects from the model. Auxiliary objects do not have extended
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Geometric Basic Features

Ob ject Extended Features

Plane Position, direction

Polygonal loop root points

Sphere Position, radius

Cone Position, direction, semi-angle

Cylinder Position, direction, radius

Torus Position, direction, major radius, minor radius

Radii sum, radii di�erence

Straight Position, direction

Length

Circle Position, direction, radius

Circle segment angle

Ellipse Position, direction, major direction, major radius,
minor radius

Vertex Position

Table 1. Geometric Objects and Their Features.

featuresas we do not have regularities relating directly to them.

Regularitiesare described by setsof geometricconstraints. They specify rela-
tions betweengeometricobjects of the B-rep model, and the auxiliary objects.
Any regularities between geometric objects which can be expressedby con-
straint types in Table 2 can be handled by our system.Note that we do not
allow topological changesof the model in this paper|suc h changeswill be
consideredin a separatepaper. We do, however, needto include constraints
describing the topology of the model, to ensurethat, for instance, facesin-
tersect in a vertex. Hence,we have two classesof constraint sets: required
constraint sets, which (mainly) enforce the correct topology on the model,
and regularity constraint sets,which (mainly) determine the geometryof the
model.

2.1 Required Constraints

To imposethe correct topology, we add constraints requiring each vertex to
lie on appropriate edgesand faces.This doesnot fully specify the geometric
relation between adjacent faces,but only ensuresthe proper intersection of
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Geometric Constrain t Equation

Parallel directions d1; d2 dt
1d2 = 0

Constant angle � betweentwo directions d1; d2 d1
t d2 = cos(� )

Variable angle a betweentwo directions d1; d2 d1
t d2 = cos(a)

Equal positions p1; p2 kp1 � p2k2 = 0

Constant distance l betweentwo positions p1; p2 kp1 � p2k2 = l

Distance between two position p1; p2 is a constant multiple
� of a variable length l

kp1 � p2k2 = � l

Position p0 is the averageof n positions pk np0 =
P n

k=1 pk

Constant value � for angle/length parameter s s = �

Equal angle/length parameterss1; s2 s1 � s2 = 0

Linear relation betweenlengths/anglessk with constants � k
P

k � ksk = 0

Position p on geometric object O (surface/curve) p 2 O

Table 2. Geometric Constraints.

facesat vertices of the model. In the caseof two intersecting planes, two
vertices from a common edgeare su�cien t to ensurethat a proper straight
line intersection exists. In other cases,e.g. the intersection of two cylinders,
this only ensuresthat the intersectionis not empty (the verticeshave to be in
it), but doesnot specify the type of the intersection.

Insteadof addinginequality constraints or alternativesystemsto ensureproper
intersections,we useregularities. As the regularity detection phaseconsiders
all possiblerelations betweenface features,at least one regularity is present
which speci�es the exact relation betweentwo adjacent faces.Thus, the reg-
ularities determinean exact relation betweenadjacent faces,e.g.constraining
a cylinder axis to be parallel to a plane normal. If every regularity specifying
a preciserelation betweena pair of adjacent facesis rejected, the relation is
determinedindirectly from other regularities. In such casesthe direct relation
between the face pair cannot be constrainedwithout making the constraint
systemunsolvable or over-constrained.In the constraint systemwe consider
edgesof the model to be independent of the facesand they are only usedto
expresscertain regularities. Note that it is possibleto add additional posi-
tions to describe the topology, especially for caseswherethere are no natural
vertices,e.g. the intersectionof a spherewith the top of a cylinder.

To enforcenecessarydependenciesbetweenthe basic and extendedfeatures,
we usevarious required constraints. Feature dependenciesinclude constraints
setting the loop root points to be the centroid of the verticesin the loop, the
length of a straight line to be the distancebetweenits end-points, the circle
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Parallel directions Aligned axes

Symmetric directions Axis intersections

Orthogonal system Axes regularly on grid

Special angle betweendirections Axes equi-spacedon line

Equal positions Axes symmetrically on cylinder

Partially equal positions Special ratio betweenlengths/angles

Equal lengths/angles Special valuesfor lengths/angles

Table 3. Geometric Regularities.

segment angle to be the angle betweentwo auxiliary lines joining the centre
to two verticeson the circle, the major direction of an ellipseto be orthogonal
to the ellipseplanenormal, and appropriate constraints for the radii sum and
di�erence of tori.

2.2 Regularity Constraints

The particular regularitieswe considerare listed in Table3. In [11,12]we gave
various methods for detecting them. Regularities describing similar features
like approximately parallel directions are detected by a hierarchical cluster-
ing algorithm where each cluster represents a regularity. Using the clusters,
we seekregular arrangements of the features. Instead of setting maximum
tolerances,we only use two tolerancesgiving the minimum value for when
two anglesor lengths should be consideredas potentially di�eren t [10]. For
instance,we look for approximately equal lengths by creating a cluster hier-
archy, and alsotry to �nd possiblespecial values(like an integer) closeto the
averagelength of members of each cluster. The hierarchies are truncated by
detecting a large jump in the tolerance values between the clusters. In the
following we give a brief overview of the regularities. We indicate how they
can be expressedwith constraint sets using the constraint types in Table 2
(for details see[9]).

The regularities in a cluster hierarchy are arranged in a tree. A regularity
can only be added to the constraint system if its children are also present.
Furthermore, we add dependenciesrequiring certain regularities to be present
before we can add a particular one, e.g. a parallel direction regularity must
be present beforea corresponding aligned axesregularity is added.Separate
regularity hierarchiesareusedfor parallel directions,equalpositions,andequal
length and angleparameters.For each cluster of similar featureswe createa
corresponding auxiliary object, and constrain the features in the set to be
equal to this object. To handle hierarchies, we constrain the auxiliary object
for children to be equal to the auxiliary object for their parent.
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Aligned axesand axis intersectionscan be found by clustering featureswhere
a parallel direction cluster is used to determine if axesshould be aligned or
intersect.For parallel alignedaxeswe further look for regular arrangements of
axeson grids, lines and cylinders. Auxiliary lines are usedto add appropriate
constraints. For regular arrangements of axeswe create additional auxiliary
objects.For instance,givensomebolt holesarrangedarounda circle,wecreate
an auxiliary cylinder and require that the axesof the holes have directions
parallel to the cylinder's axis. Auxiliary planes are constructed containing
the cylinder axis, with normals constrainedto be orthogonal to the cylinder
axis. Angles betweentheseplanesare set to an appropriate integer multiple
of 2� =n. To enforcethe symmetrical arrangement, the positions of the axes
are constrainedto lie on oneof theseplanes.

We recogniseplanar and conical casesof symmetrically arranged directions
(e.g. plane normalsaround a prism, and a pyramid). The �rst casecomprises
a set of directions orthogonal to a direction d0. Anglesbetweenthe directions
are integer multiples of � =n for n 2 N. In the secondcase,the angle to the
direction d0 hassomeother �xed value,and the anglesbetweenthe directions
projected onto the plane de�ned by d0 are integer multiples of 2� =n. We
createtwo orthogonal auxiliary directions d0, d1. For each direction in the set
we add a constraint requiring it to be orthogonal to d0 and with angle to d1

being a suitable integer multiple of � =n. In the conical casewe have a list of
possiblespecial valuesfor the angle betweenthe directions and d0. For each
of the special valueswe createa regularity specifying the anglesbetweenthe
directions and d0 and d1.

We also look for cluster hierarchies of equal positions when projected onto
specialplanes(2D partially equal) and lines (1D partially equal) derived from
important directions in the model such asmain axesand orthogonal systems.
Positions which are equal when projected on a plane lie on the sameline.
We also have lists of special values for anglesbetween individual directions.
Finally, thereareregularitiesspecifyingspecialratios betweenpairs of angleor
length featuresand special valuesfor thesefeatures.For all theseregularities
appropriate constraint setsand dependenciesare created.

3 Cho osing Consisten t Regularities

Given a set of potential regularities, we wish to select a consistent subset
which can be usedto improve the initial B-rep model so that it more closely
represents the original, ideal design intent. For this we add constraint sets
corresponding to regularities, in order of priorit y, to a constraint system.We
reject regularities which make the systemgenericallyunsolvable. The method
is summarisedin Algorithm 1. It employs a method distribute to add a
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Metho d select (R; T): Selectand report a consistent subsetof the prioritized
regularity set Rwith high priorities. T is the set of constraints describingthe
model topology.
I. Create a constraint (hyper-)graph g from the set of regularities R and T.

Mark all regularities and constraints as inactive.
I I. Detect multiple constraints betweenthe samegeometricobjects in g:

1. Replacemultiple identical constraints by a single constraint and appro-
priate referencesin the corresponding regularities.

2. Wherever inconsistent constraints exist betweenthe samegeometricob-
jects, �nd the corresponding regularity with the highest priorit y and re-
move all other regularities from R.

I I I. Call distribute (t ; g) for all constraints t in T to add them to g and mark
them as active.

IV. Repeat until R is empty:
1. Remove the regularity r from R with the highest priorit y, for which all

regularities it dependson are marked active.
2. Add all i in the set of inactive constraints I for r to the graph by calling

distribute (i ; g) and check if the graph remainssolvable:
a. If a constraint made the graph unsolvable, reject r by removing all

inactive constraints I from the graph and by removing all regularities
depending on r from R.

b. Otherwise,mark all inactive constraints I and r as active.
V. Report the active regularities / constraints asthe set of selected,consistent

regularities.

Algorithm 1. SelectConsistent, High Priorit y Regularities.

constraint to a constraint graph and a solvabilit y test which are described in
Section4. Priorities are usedto determinethe order in which the regularities
are checked, as discussedin Section5.

Initially wehavea list of potential regularitiesdescribedby setsof constraints.
They are marked as inactive to indicate that they have not yet beenadded
to the constraint system.A regularity is marked active when it becomesone
of the regularities selectedto improve the model. If it cannot be addedto the
constraint systemit is completely removed from the list.

We generatea (hyper-)graph representation of the constraints asdescribed in
Section 4. The nodes are the geometric objects and the edgesare the con-
straints on them. A constraint is marked active if it has been added to the
graph and inactive otherwise.

The constraint setsdescribingdi�eren t regularities may contain several con-
straints between the samegeometric objects. We detect these during graph
creation. If theseconstraints have the sameconstants, the related regularities
are consistent, sowe replacethem by a singleconstraint with a referenceto it
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from each involvedregularity. If the constraints involvedi�eren t constants, the
related regularities are mutually inconsistent and only one regularity can be
addedto the constraint system.Only the regularity with the highestpriorit y is
kept, and the othersare discarded.This is justi�ed in that if a constraint can-
not be added to a systemwithout making it over-constrainedor unsolvable,
then another constraint between the same objects with di�eren t constants
has the sameproperty. Constants may exist for which the system is (non-
generically) solvable, but it will still be over-constrained.However, note that
the regularity with the highest priorit y may be rejected due to someincon-
sistencyunrelated to the inconsistencybetweenthe constraints on the same
geometricobjects. In this caseit may still be possibleto add oneof the other
regularities. Such situations are unlikely, but not impossible.An algorithm
which checks if alternative regularities have to be reactivated is given in [9].

A more sophisticated algorithm could be employed to detect additional in-
consistenciesin this pre-selectionprocess.We could, for instance,detect cases
wheredistanceconstraints betweenpoints are limited by incidenceconstraints
betweenpoints, e.g. the distancesbetweena point p0, and two other points
p1 and p2 which are constrainedto be equal, have to be the same.This cre-
ates complex selectionrules (see[9]). However, as such casesare subsumed
in the generalcaseswhich are detectedby our symbolic solvabilit y test, such
methods are not usedhere.

Following the creation of the constraint graph, we �rst add the constraints
describing the topology of the model to the graph. As we start with a valid
B-rep model, the resulting constraint systemmust be solvable, so we do not
needto check for solvabilit y.

The next step selectsthe regularities.We take the regularity with the highest
priorit y from the list for which all regularitiesit dependson arealreadyactive.
The constraints for this regularity are added to the constraint graph unless
they were previously added as part of a regularity made active earlier. For
each addedconstraint we check if the resulting graph represents a generically
solvable constraint system. If this is not the case,the regularity is rejected,
and we remove all constraints newly added by the regularity to the graph.
Also, any regularity in the list of potential regularities which dependson the
rejected regularity is removed as well. These ideas are explained further in
Section4.

The selectionprocessensuresthat in the caseof inconsistencies,regularities
with the highest priorities are selectedin preferenceto lower priorit y regular-
ities. It doesnot, however, maximize the priorit y sum of selectedregularities.
Priorities areonly usedto comparethe regularities in caseof an inconsistency.
They are not absolutemeasuresfor quality or desirability.
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4 Solvabilit y of Geometric Constrain t Systems

To choosebetweenregularities, we must be able to detect inconsistencies.We
now present an e�cien t method to determine the solvabilit y of a constraint
system,so that we can detect inconsistenciesbetweenalready accepted,con-
sistent regularities and a new regularity.

We use a method which can decide if a given constraint system is solvable,
i.e. has at least one solution. While it is desirableto ensurethat we have a
uniquesolution or a discretesetof solutions,we only check if a solution exists.
We alsoacceptcaseswherethere are in�nitely many solutions.As we have an
initial model we canseeka solution closeto it. Furthermore, the largenumber
of regularities we detect makesunder-constrainedsystemsvery unlikely. Note
that the solvabilit y test doesnot �nd a numerical solution to the constraint
system.This is donelater (seeSection6).

Various methods exist for handling geometric constraints (see,for instance,
Br•uderlin et al. [3]). Many of thesemethods are speci�c to 2D constraints and
cannot be easilygeneralisedto 3D. Our approach is basedon a topologicalap-
proach to degreesof freedomanalysis[8] and analysingdependenciesbetween
geometricobjects [14]. Its structure is similar to the densealgorithm [20],but
we do not aim to decomposethe constraint systemasdo Ho�mann et al. [4,7].

A geometricconstraint systemcanbe expressedasa hyper-graph,from which
wecandeterminecertain genericpropertiesof the constraint system.To verify
if a constraint systemis solvableweconsecutively add constraints to the graph
and verify if the systemremainssolvable.The method for adding a constraint
to the graph and the solvabilit y test are now considered.

Our geometricobjects are fully describedby a type and a setof basicfeatures.
For unconstrainedgeometricobjects, the valuesof the featurescan be chosen
freely. Adding a constraint limits the valuesthe featurescan have simultane-
ously. As the domainsof the featuresare in�nite, we cannot usemethods that
explicitly list the allowed values,but we can still list their domains.Geomet-
ric constraints usually limit the allowed valuesin thesedomainsto subsetsof
lower dimension.When adding multiple constraints, the solutions are repre-
sented by the intersectionof all thesesubsets.By reasoningsymbolically about
the propertiesof theseintersections,especially their dimensions,we candeter-
mine the solvabilit y propertiesof the constraint system.As wedo not compute
the solution of the constraint system,we canonly check for genericsolvabilit y.
Our experiments show that this does not causeproblems for typical reverse
engineeredmodels.
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4.1 Distance Constraints Between Points

To illustrate the conceptsof our method for determining solvabilit y of con-
straint systems,let us considersystemsonly including constant distancecon-
straints betweenpoints in 3D EuclideanspaceE3. An unconstrainedpoint in
E3 canbe at any location in space,i.e. its parameterdomain is R3. Considera
distanceconstraint betweentwo points p1, p2. It limits the allowed valuesthe
two points canhave at the sametime. Oneway of enforcingthis is by allowing
p1 to have an arbitrary value in R3 and requiring that p2 is on a sphereof �xed
radius with centre p1. This meansp2 can be described by a parameteron the
unit sphereS2 in combination with the position of p1. Clearly, the role of p1

and p2 can be exchanged.Hence,we can interpret a distanceconstraint as a
reduction of the parameterspaceR3 to S2 for oneof the two points involved.
This givestwo choicesfor reducing the dimensionof the parameterspaces.

A distanceconstraint is represented in the constraint graph by a directededge
indicating which of the two points is constrainedto S2. To keeptrack of the
reductions,we label each point with its parameterspace.We usean example
to illustrate what happensasfurther constraints are added.Considerthe con-
straint graph for three points pl in R3 shown in Figure 1. Initially all three
points are unconstrainedand their domain is R3 (Figure 1(a)). After adding
the �rst distanceconstraint dist1 betweenp1 and p2 welimit, for instance,p2 to
S2 (Figure 1(b)). Next we add a constraint dist2 betweenp1 and p3 and decide
to limit p3 to S2 (Figure 1(c)). Finally we add a constraint dist3 betweenp2

and p3. Again wehavea choiceto limit p2 or p3 to S2. However, both points are
already reducedto S2. If we chooseto put p3 on another sphere,p3 has to be
in the intersectionof two spheres.In the genericcasetwo spheresintersectin a
circle, sop3 is now given by a parameteron the unit circle S1 (Figure 1(d)). In
generalthe two spheresmay alsointersect in a point, not intersectat all, or be
equal (i.e. the intersectionis a sphere).In the �rst casethe distancesbetween
the points must be speci�cally chosensuch that the points are collinear. In
the secondcasethe distancesmust satisfy d(p1; p2) > d(p1; p3) + d(p2; p3). The
third casecorresponds to a coincidenceconstraint, not a distanceconstraint.
In all of thesecasesadditional conditions are present which cannot be deter-
mined directly from the constraint graph. Hence,for the solvabilit y test we
assumethat we always have the genericcase.

We add distanceconstraints to the graph by choosing one of the two points
constrained to S2 and update the parameter domain by intersecting it with
S2, assumingthe genericcase.We intersect S2 with either R3, S2 or S1. In
the genericcasewe assumethat the intersection with R3 gives S2, with S2

gives S1 and with S1 gives R0. The intersection with S1 can actually either
lead to a circle, an empty set or two points. In the genericcasewe get two
points and chooseoneof them, i.e. weget R0. Having two points indicatesthat
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Figure 1. Distance Constraint Graph BetweenThree Points.

there are two discretesolutions.To distinguish betweenthem we needanother
constraint, e.g. an inequality constraint. As our improved model should be
closeto the initial model, the assumptionthat we get a singlepoint is justi�ed
as we can take the solution which is closer to the initial model. We refer to
adding a constraint to a constraint graph using a directed edgeas above as
distributing a constraint in the graph.

The dimensionsof the domainsof the points represent the degreesof freedom
of theseobjects (3 for 3D points). The reduction of thesedomains to lower-
dimensionalsubsetsindicates the number of degreesof freedomremoved by
a constraint (1 for distance constraints). Our approach is similar to degrees
of freedom analysis [8], but we interpret it in terms of the topology of the
involved parameterspacesand their dimensions.

Obviously, it is not always possibleto distribute a new constraint in a given
constraint system.If both points involved in a distanceconstraint are already
R0, we cannot intersect either of them with S2. However, becauseeach con-
straint can be addedto the constraint graph in two ways, it may be possible
to choosea di�eren t distribution for someof the edgesin the graph such that
we can add the constraint. Thus, we have to do a graph search starting at
the edgeof the new constraint. We have the option of doing a depth-�rst or a
breadth-�rst search. The depth-�rst approach follows one particular path in
the graphbackwardsalongthe directededgesto its endbeforeweconsiderany
other paths. A breadth-�rst search backwardsalongthe directededgesis more
e�cien t asit �nds the �rst edgewhich canbe changedclosestto the newedge.
In addition, we do not have to search all paths from the new constraint, but
only �nd the shortestpaths to the edgeswhich canberedistributed. Whenever
an edgecan be redistributed, we redistribute the wholepath to that edge.We
then have to repeat the breadth-�rst search until we can distribute the new
constraint, or all redistribution options have beenexhausted.

Finding a redistribution path is similar to the distribute method used in
the dense algorithm [20]. In that method the constraint graph is converted
to a bipartite graph betweennodesrepresenting constraints and other nodes
representing geometric objects. Edges in this graph connect the constraint
nodeswith the geometrynodesthat they constrain. The graph is interpreted
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as a 
o w network from a source(connectedto constraint nodes) to a target
(connectedto object nodes). The capacity of an edgefrom the sourceto the
constraint node indicates the degreesof freedomremoved by the constraint.
The capacity of an edgefrom an object node to the target indicates the de-
greesof freedomof the object. The capacitiesof other edgesare in�nite. The
distribute method usedby densetries to distribute a newconstraint in such
a 
o w network by �nding a 
o w augmentation path to distribute the newly
added
o w from the constraint. This is donein a similar way to searching for
the redistribution paths above. The di�eren t options we have for each edge
describe the di�eren t ways the 
o w can be distributed through the network.
Note that in our approach the algorithm on the graph is more closely linked
to the constraint systemwithout consideringa 
o w network.

However, a method to distribute a constraint doesnot reveal if the resulting
constraint system is solvable. We say that a system is solvable if there is at
least one solution under the assumptionthat the intersectionsare generic.If
the constraint cannot be distributed, the system is clearly unsolvable. The
opposite is not true.

For the solvabilit y test considerthe following simple example.If we want to
determine point p3 in the constraint system in Figure 1, we can do this by
setting an arbitrary location for p1, choosep2 on a spherearound p1 and then
determinep3 by choosinga parameter in S1, using the locations of p1 and p2.
This speci�es all three points up to location and orientation in E3. As distance
constraints cannot specify a location or orientation of the point set we cannot
determinethe points any further. Hence,in the generalcasethere must always
be at least six degreesof freedomleft. But note that for a zero-dimensional
point set, i.e. onepoint, we requireonly at least three degreesof freedom,and
for a one-dimensionalpoint set, i.e. (two distinct) points on a line, we require
only at least �v e degreesof freedom.

The directions of the edgesin a constraint graph de�ne the dependencies
between the nodes. Given an arbitrary node n in the constraint graph and
an edgee directed towards it, we can follow edgesbackwards to determine
the sub-graph S(n; e) of all nodes on which n depends due to e. n and all
edgesbetweenn and the detectedsub-graphare added to S(n; e), which we
call the dependencysub-graphof n due to e. In this sub-graphwe changethe
parameter spaceof n so that only the edgesin S(n; e) are considered.The
resulting S(n; e) represents a solvable sub-graphif the sum of the remaining
degreesof freedomof the nodesin S(n; e) is at leastsix, �v eor threedepending
on the dimensionality of the points involved.

We have to change the parameter spaceof n in S(n; e) to account for the
dependenciesof n on other edgesnot in S(n; e). Each dependencysub-graph
represents a restriction of n. We assumethat the intersectionof theserestric-
tions is genericand can be done. This is checked whenever we distribute an
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Figure 2. Example Constraint Graph for DependencySub-Graphsfor Point p4.

edgeand compute the resulting degreesof freedom(each constraint removes
a genericnumber of degreesof freedomfrom a node; we do not remove more
degreesof freedomfrom a node than it has originally). At a node we bring
the geometricstructures of the di�eren t dependencysub-graphstogether to
form a single structure. This can be done if the structures described by the
sub-graphshave su�cien t degreesof freedomleft.

For example, consider the constraint graph in Figure 2. Node p4 has three
dependencysub-graphs.The �rst graph consistsof the nodesp1, p2, p4 with p4

relabelled to S2. This sub-graphhas7 degreesof freedomleft, soit is solvable.
Without relabelling p4 it would only have 5 degreesof freedomwhich are not
su�cien t. The secondsub-graph consistsof p4 and p5 with p4 relabelled to
S2. Without relabelling p4 to S2 in the secondsub-graphthe graph would not
be solvable (it would have 3 degreesof freedom,whereastwo points on a line
require 5 degreesof freedom). The third sub-graphconsistsof p4, p7, p5, p6

with p4 relabelled to S1, with 7 degreesof freedom.

When we successfullydistribute a newconstraint edgee in the graph, we must
test if the new graph is solvable; if distribution fails, we already know that
the constraint systemis not solvable. To test for solvabilit y we only have to
considerchangesmadeduring distribution. Let n be the node the constraint e
hasbeendistributed to. We assertthat the graph remainsgenericallysolvable
if the dependencysub-graphS(n; e) is solvable, i.e. it hassu�cien t degreesof
freedomleft. However, note that there are special casesof lower dimensional
subsetsembeddedin E3 which must be handledseparately.

Supposeno redistributions are required to distribute e. In this caseonly the
noden is changed.The dependencysub-graphswhich do not contain e did not
change.Thus, we only have to check S(n; e). Assuming that all intersections
are generic,we only have to check if there are su�cien t degreesof freedom
in S(n; e). If redistributions are needed,we can considereach redistribution
separately. Assumean edgeexistsbetweentwo points n1 and n2 which initially
constrainsn2. When we redistribute this edge,n1 is constrainedby n2. The
degreesof freedomare moved from n1 to n2 and this is indicated by a change
of the dependencysub-graphsof the two nodes.Initially n2 had a dependency
sub-graphover n1 with su�cien t degreesof freedom.This sub-graphis replaced
by a new onefor n1 which includesn2. Due to moving the degreesof freedom,
this new sub-graphalsohassu�cien t degreesof freedom.
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Geometric Constrain t Distribution

Parallel directions d1; d2 d1 or d2 in S0

Constant angle � betweentwo directions d1; d2 d1 or d2 in S1

Variable angle a betweentwo directions d1; d2 a in R0 or

d1 or d2 in S1

Equal positions p1; p2 p1 or p2 in R0

Constant distance l betweentwo positions p1; p2 p1 or p2 in S2

Distance between two position p1; p2 is a constant multiple
� of a variable length l

l in R0 or
p1 or p2 in S2

Position p0 is the averageof n positions pk p0 or onepk in R0

Constant value � for angle/length parameter s s in R0

Equal angle/length parameterss1; s2 s1 or s2 in R0

Linear relation betweenlengths/anglessk with constants � k One sk in R0

Table 4. Distribution of Geometric Constraints.

4.2 Distributing Constraints

We now present the distribution algorithm for each constraint type in detail.
We describe the geometricobjects in terms of positions, directions, lengths,
and angles.Constraints limit the allowed combinations of values for these
features.The domain for positions is R3, for directions, S2, for lengths, R1

+
and for angles,S1. Any constraint can be interpreted as selecting a lower-
dimensionalsubsetof thesedomains.This may usually be donein more than
one way. We assumethat all intersectionsare generic,as is usual in degrees
of freedomanalysis.

In Table 4 we list the di�eren t options for distribution of constraints. Note
that we do not considerall possibledistributions of the dimensions,but only
thosewhich have a simplegeometricmeaning.E.g., for two parallel directions
we only considerthe caseswhereoneof the two directions is equalto the other
and thus fully determined.We do not allow both d1 and d2 to have onedegree
of freedom. We distinguish between constraints with constant and variable
parameters,as only variable elements can be usedduring distribution, e.g.,a
variable distanceconstraint betweentwo positionswith no degreesof freedom
left can alsobe distributed to the distanceparameter, i.e. the �xed positions
set the value of the distance.

Constraints requiring positions to lie on a surfaceor curve are omitted from
Table 4. Surfacesand curves are usually described by a combination of po-
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sitional, directional, angular and length features.In the constraint graph we
represent them by a single node. Constraints that only relate to one of the
featuresdescribing the surfacecan only be distributed using this particular
feature, e.g.making two planesparallel only constrainstheir directions. How-
ever, putting a vertex on a surfaceor curve meansthat any of the involved
featurescan be used,e.g. putting a point on a plane can restrict its position
as well as its normal.

Also note that positional featuresof surfacesare not always 3D positions.For
planes we only have a 1D position space(its distance from the origin), for
cylinders and straight lines we have a 2D position space(the position of the
axis). All other objects we considerhave 3D position spaces.

We do not discussthe issuesrelating to facesin the constraint graph in detail,
but only enough to understand how they are handled by the distribution
algorithm. Whenever we put a position on a surfaceor curve we reducethe
dimension of one of the parameter spacesof the surfaceor curve, or of the
position, by one.We can chooseany of the parameterspacesinvolved for the
distribution. The types of the parameter spacesmay vary, and intersections
betweenthem canbecomplicated.Weassumethat the intersectionsarealways
generatedby reducing the degreesof freedomby one.

Generically, if we have two subsetsM and N of a d-dimensionalspacewith
dimensionsm and n respectively, the intersection is of dimensionm + n � d.
This assumesthat the intersectionproducesa real reduction of the dimensions,
i.e. M is not a subsetof N nor is N a subsetof M , the intersectionof M and
N is not empty, and that m + n � d. Note that for the labelling we only
indicate the topological type of the intersectionwhich could be interpreted as
a parameterspacefor the intersection rather than the intersection itself.

Algorithm 2 is the overall constraint distribution algorithm. A constraint can
be distributed directly if one of the distribution options in Table 4 can be
applied using the previous reasoningwithout doing any redistribution (step
I). Otherwise,starting at the constraint which should be distributed, we do a
breadth-�rst search of the constraint graph until a constraint is found which
can be redistributed (steps I I and II I are initialization; step IV does the
search). The breadth-�rst search movesfrom edgeto vertex to edge,and soon,
following directed edgesbackwards in the graph. By remembering the search
sequencewith predecessorlinks, we can backtrack to the original constraint
to �nd the redistribution path, and apply the redistributions along the path
accordingly. Wethen try to distribute the newconstraint directly in the graph.
If this is possiblewe do so and report success.Otherwise, we try to �nd an-
other redistribution path, i.e. we restart the search at the original edgein the
graph modi�ed by the previous redistribution. This ensuresthat we always
�nd the redistribution option closestto the original edge.If we do not �nd a
path which allows the distribution of the original constraint, we report failure.
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Metho d distribute (c,g ): Try to distribute the constraint c in a constraint
graph g = (nodes; edges). g is updated according to the distribution, and
successor failure of distribution is reported.
I. If c can be distributed directly without redistribution, do so, and return

success.
I I. Mark all nodesand edgesasunvisited and set the predecessorfor all nodes

and edges to empty.
I I I. Initialise a set activeE of edges(constraints) to c and a set activeN of

nodes(B-rep elements) to empty.
IV. While activeE is not empty:

A. Consecutively remove all constraints e from activeE :
1. Mark e as visited.
2. Add all unvisited nodes connectedby e to activeN and set their

predecessorsto e.
B. Consecutively remove nodes n from activeN , and for all constraints e

restricting n which have not yet beenvisited do:
1. Seeka redistribution r of e, which can be applied directly to the

graph, with n is lessrestricted than before.Remember the redistri-
bution R which gives the largest increaseof degreesof freedomin n
over all e and n.

2. Add e to activeE and set the predecessorof e to n.
3. Mark n as visited

C. If R is not empty, a redistribution path hasbeenfound:
1. Apply the redistribution in R.
2. Follow the predecessorlinks and redistribute each constraint along

this path.
3. If c can be distributed directly, do it and return success.
4. Otherwise,resetall 
ags in g, setactiveE to c and activeN to empty

and restart the search for a new redistribution path within the loop
of step IV.

V. No distribution hasbeenfound, return failure.

Algorithm 2. Constraint Distribution.

To seehow this works, considerthe constraint graph in Figure 3 linking four
points pl and oneplanes. Graph (a) wascreatedby addingan additional point
p4 to the graph in Figure 1 and adding three distance constraints from the
other points to p4. All new distance constraints can be distributed directly
such that p4 is now completely constrained. The plane s is described by a
distance and a direction indicated by R1 and S2 in the graph. In graph (b)
we add three constraints placing p1, p2 and p3 on the plane s. Each of these
constraints can be distributed directly and each time the degreesof freedom
of the plane are reduced by one. This means the plane is now completely
determined,i.e. it is labelledR0 � S0. Sofar all the constraints could be added
by direct distribution.
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Figure 3. Example Constraint Graph of DistancesBetweenFour Points on a Plane.

In graph (c) we distribute a constraint placing p4 on s aswell. We search for a
redistribution path in step IV of the algorithm starting at the new constraint
edge.Step IV.A addss and p4 to activeN . In step IV.B we �nd three direct
redistribution options via p1, p2, p3 for s, two direct redistribution options
via p1, p2 for p4 and one additional path via p4 to p3. All the edgesfor these
options are addedto activeE to continue the search. In step IV.C we choose
the redistribution with maximal increaseof degreesof freedom for s or p4.
Here, this can be any of the constraints betweens and p1, p2 or p3 or between
p4 and p1 or p2. We chooseto redistribute the constraint between s and p3

initially reducingthe degreesof freedomof s by one.We redistribute this edge
reducing the degreesof freedom of p3 by one and increasingthe degreesof
freedomof s by one.Now the original edgecan be distributed directly and we
report successwith the distribution as shown in graph (c).

Any redistribution path which doesnot succeedin adding the new constraint
doesnot changethe solvabilit y properties of the constraint system.While the
redistribution changesthe distribution of degreesof freedomin the graph, the
dependencysub-graphsstill contain su�cien t degreesof freedom. Only the
distribution of the edgesin the graph changes.If the new constraint can be
distributed, the number of degreesof freedomchanges,so we must check if
the systemis still solvable as described next.

4.3 Solvability Test

The solvabilit y criterion for the generalcaseis similar to the one for the dis-
tance constraint example.A 3D object embedded in E3 must have at least
six degreesof freedom for the system to be generically solvable. For zero-
dimensionalpoints we must have three and for collinear points we must have
�v e degreesof freedom.When other types of geometricobjects are present,
other special casesare possible.Constraints between directions only, for in-
stance, relate to arrangements on the unit sphere. For a zero-dimensional
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direction set (i.e. onedistinct direction) we have only two degreesof freedom.
The direction spaceis only 2D which meansif only directionsare involved, the
minimum number of degreesof freedomrequired for two or more directions is
three. Singlesurfacesand curvesmay alsohave lessdegreesof freedom.

We alsohave constraints setting valuesfor variable angularand length param-
eters.The presenceof variable scalarparametersdoesnot a�ect the minimum
number of degreesof freedomin the 3D case.

After a constraint hasbeensuccessfullydistributed in the graphwemust check
if the new graph still represents a solvable system.The new constraint is dis-
tributed amongst somenodes. If the dependencysub-graphsof these nodes
over the constraint havesu�cien t degreesof freedomwesay the graph remains
solvable under the assumption that we only have generic intersections.The
dependencysub-graphscan be detectede�cien tly by a greedyalgorithm fol-
lowing the directionsof the edgesbackwards.To get the completedependency
sub-graphwe alsohave to relabel the start node (only for the sub-graph).For
this we collect all edgesbetweenthe start node and the rest of the sub-graph
and compute the new degreesof freedomfor the node consideringonly these
edges.We can then easily check the degreesof freedomin the sub-graph.Re-
call that special casesmay arise where the constrained objects require less
than six degreesof freedomin order to be solvable.

If the solvabilit y test is successful,the constraint can be added to the graph
without destroying the genericsolvabilit y of the constraint system.We only
check for generic solvabilit y as we do not have any additional information
about non-genericcasesand how the degreesof freedomare a�ected by them.

For example consider the graph in Figure 3(c), created by distributing the
constraint betweenp4 and s. We have to check the dependencysub-graphof s
over p4. This graph is identical with the completegraph and has �v e degrees
of freedom. In order for the graph to be solvable it has to have six degrees
of freedom,i.e. the constraint betweens and p4 makesthe systemunsolvable.
(The constraints in Figure 3(b) already determine the four points and the
plane up to location and orientation.)

As already noted, there are many similarities between our method and the
successfuldense algorithm [20]. Its main purposeis to detect solvable sub-
systemsof a constraint system,to solve it symbolically. The constraint systems
it handlesusually contain only a few over- or under-constrainedcases.Our
method has to handle many caseswhere the system is over-constrained.It
createsa closerelation between the constraint graph, the 
o w distribution
approach and the actual constraint system.We do not have a rigorous proof
to show that the solvabilit y properties detectedby the algorithm describe the
exact solvabilit y properties of the constraint systemunder our assumptions.
The theoretical issuesare still being investigated. However, we believe the
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approach to be sound becauseof its closerelation to the dense algorithm.
Furthermore, experiments (seeSection7) show that the method is successful
when applied to real (albeit simple) problems.

5 Prioritizing Geometric Regularities

To resolve inconsistenciesbetweenregularities, we usea mechanism to select
regularities more likely to be present in the original design[9]. This is based
on priorities computed using merit functions. Deciding which regularities to
chooseis non-trivial and often there is more than onesensiblechoice.

The priorit y w(r ) of a regularity r is computedby taking a weighted averageof:
a measurewe(r ) of the numericalaccuracyto which the regularity's constraints
are satis�ed in the initial model, a merit wq(r ) for the quality or desirability
of the regularity depending on speci�c arrangements and constants involved,
and a constant wb(r ) describing a minimum desirability for each regularity
type. This averageis weighted by wc(r ) indicating how commonthe regularity
is (determined by surveying a rangeof engineeringcomponents). Thus,

w(r ) = wc(r ) (cewe(r ) + cqwq(r ) + cbwb(r )) ; (1)

whereall constants and functions are in [0; 1] and cq+ ce+ cb = 1, e.g.ce = 3=6,
cq = 2=6, cb = 1=6. The maximum of w(r ) is wc(r ) and the minimum for an
undesirableregularity with high error is wc(r )wb(r )cb.

To �nd we(r ), we combine the averageangular error er and the averagelength
error el of the regularity's constraints. we shouldbe closeto 1 for small errors
and drop quickly towards 0 when the errors becometoo large. We convert
angular errors to length units using the maximum length L m in the model:

we(r ) =
1

1 + cl (Lm sin(er ) + el )
(2)

wherecl is a constant indicating the baselength unit for the model, e.g.cl = 1
or 2:54.Lm canbechosento be the diagonalof the boundingbox of the model,
or the maximum edgelength.

wq(r ) describesthe desirability or quality of the regularity if enforcedexactly
on the model, computed by considering the regularity type and geometric
objects, their arrangement and special values involved. We �rst de�ne some
quality factors usedto computewq(r ).

All specialvaluesinvolvedin the regularitieshavethe form v = � (n=m)1=(r +1) b
with n, m, and r integersand b somebasevalue like � or 1. We evaluate the
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Figure 4. Graph of Qualit y Merit Functions for (a) Special Valuesof Denominators
wsv(m; 0; 1) over m and (b) Common Boundary Elements wa(X ; 0:5) over n(X ).

quality of special valuesusing the function

wsv(m; r; b) =
3q(b)

3 + c0l + c1(m=M K � 1) + c2r
(3)

whereq(b) is a constant in [0; 1] evaluating the desirability of the basevalue
b (e.g. q(� ) = 1, q(� =180) = 0:8, q(1) = 1, . . . ), M is the base used to
represent m (usually 10), l is one lessthan the number of digits required to
represent m in the baseM , and K is the number of consecutive zerosin the
representation of m in baseM starting with the lowest valued digit. c0 is a
constant indicating the importance of the length of the representation of m,
c1 is a constant indicating the importance of the non-zeropart of m and c2

indicates the importance of the root r , e.g. c0 = 0:01, c1 = 0:005, c2 = 0:7.
The graph of wsv(m; 0; 1) is shown in Figure 4(a) for specialvaluesof the form
n=m. One can identify separatecurves for valuesfor m of the type p � 1000,
p � 100,p � 10 and p for p 2 N representing the non-zeropart of m. Increasing
r movesthesecurvesclosertowards the m-axis. The formula for wsv hasbeen
chosento favour special valueswith a small non-zeropart m=M K , small roots
r and short representations in the baseM .

Another quality factor is the number n(X ) in a setX of B-rep model elements
involved in the regularity which have a common boundary element. For in-
stance,symmetrically arrangeddirections relating to pyramidal or prismatic
arrangements of pairwise adjacent facesare favoured. It is computedas

wa(X ; p) = exp(� (cw(pjX j � n(X ))) cp ) (4)

with user-de�ned constants cw and cp (e.g. cw = 0:11, cp = 4) where the
parameterp indicates the most desirablenumber of adjacent objects. We get
high priorities for adjacent arrangements closeto the desirablearrangement
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indicated by p. We cansetX to the setof facesF which shouldsharecommon
edges,the setof verticesV which shouldbeconnectedby edgesor all geometric
elements O which shouldhave a commonboundary element. p is 1 if we desire
arrangements of the elements in loops and 0:5 if we desire adjacent pairs.
Figure 4(b) shows the graph of wa(X ; 0:5) for someX with 10 elements over
the number of elements n(X ) with commonboundary elements in X .

For regular arrangements of directions or axeswe have a basedistancewhich
is a specialvalue(n=m)b. For symmetrically arrangeddirectionsand axeson a
cylinder with baseangle� =m we have 2m di�eren t positions,and for axeson
a line wecount the number of positionsbetweenthe �rst and the last occupied
position. We prefer arrangements in which more of the possiblepositions are
occupied.If all consecutive positionsare occupied,the quality factor wr a(r ) is
set to wsv(m; 1; b). Otherwise,we make a list of smallest integersk for which
all positions (starting at an arbitrary position) with the distance k(n=m)b
betweenthem areoccupied.For each k weadd m=(kn)wsv(m=gcd(m; kn); 1; b)
to wr a. For axesarrangedregularly on a grid wehavetwo orthogonaldirections;
for each direction we project the occupiedpositionsin the grid onto a line and
proceedas for arrangements on a line. The averageof the quality for both
lines givesthe quality of the grid arrangement.

Wealsocount the number c(t) of geometricobjectsof the sametype t involved
in a regularity for the geometricobjects O and compute the quality

wt (O) =
1

jOj

X

t2 Ob jectT ypes

c(t) exp
�
� (tw(jOj � c(t))) tp

�
(5)

with constants tw and tp, e.g. tw = 0:05, tp = 2. The graph of wt (O) is similar
to wa(X ; p) in Figure 4(b). It favours regularities having repeated objects of
the samegeometrictype.

We selectappropriate quality factors and compute their weighted averageto
give wq(r ) for each type of regularity (seeTable 5). E.g. for parallel direc-
tions the quality wsv(0; 1; � ) of the parallel angle is most important, but we
also prefer regularities with objects of the samegeometric type. For planar
symmetrically arranged directions, the main emphasisis on the number of
occupied positions and facesarranged in a loop as computed by wr a(r ) and
wa(F; 1), but we also considerthe special anglevalue for the planar arrange-
ment and the geometrictypes involved. Table 5 also lists the valuesusedfor
wc and wb. These,and wq, werederived from a part survey estimating the fre-
quencyof regularities in simplemechanical components [18], and werefurther
re�ned to producedesiredpriorities in various examplemodels.Thesevalues
could be changedfor di�ering application domains.

While the order of the regularities can be adjusted by varying the constants,
their large number makes it hard to predict the e�ect of changes.Choosing
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Regularit y r w c(r ) wb (r ) wq (r )

Parallel directions 1:00 1:00 0:8wsv(0; 1; � ) + 0:2wt (O)

Symmetric directions (planar) 1:00 1:00 0:2wsv(2; 1; � ) + 0:3wa(F; 1)

+ 0:1wt (O) + 0:4wr a(r )

Symmetric directions (conical) 0:90 0:70 0:3wsv(m; r; b) + 0:3wa(F; 1)

+ 0:1wt (O) + 0:3wr a(r )

Orthogonal system 1:00 1:00 0:6 + 0:3wa(F; 1) + 0:1wt (O)

Special angle between direc-
tions

0:90 0:60 0:8wsv(m; r; 1) + 0:2wa(0; 0:5)

Equal positions 0:80 0:55 wt (O)

2D partially equal positions 0:85 0:65 0:5wa(V; 0:5) + 0:5wt (O)

1D partially equal positions 0:83 0:60 0:5wa(V; 0:5) + 0:5wt (O)

Aligned axes 0:97 0:85 wt (O)

Axis intersections 0:90 0:80 0:1wa(F; 1) + 0:9wt (O)

Axes regularly on grid 0:90 0:85 0:3wt (O) + 0:7wr a(r )

Axes equi-spacedon line 0:88 0:75 0:2wt (O) + 0:8wr a(r )

Axes symmetrically on cylin-
der

0:95 0:90 0:3wt (O) + 0:7wr a(r )

Equal lengths / angles 0:90 0:75 wt (O)

Special ratios between lengths
/ angles

0:80 0:55 wsv(m; r; 1)

Special valuesfor lengths / an-
gles

0:85 0:70 wsv(m; r; b)

Table 5. Constants and Merit Functions for Regularity Priorities.

priorities basedon multiple-choice questionspresented to a user might im-
prove this. Currently the priorities are su�cien t to improve the model, but
a sophisticateddecisionprocessconsideringmore complex relations between
regularities and the model, globally, could improve regularity selectionwith
respect to designintent.

6 Constructing an Impro ved Mo del

Regularity selectionresults in a list of generically consistent constraints de-
scribing the improved model. A numerical method is then usedto �nd a so-
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lution of the constraint system, followed by a reconstruction processwhich
generatesan improved model from this solution.

A numerical approach is justi�ed as we already have a valid B-rep model
which can be usedto provide a good initial value for the numerical solver. As
the initial value is closeto the solution, only a few iterations are required to
converge;convergenceoccursif a discretesetof solutionsexists,which wasthe
casein all exampleswetested,dueto the largenumber of regularitiesinvolved.
Symbolic methods basedon the resultsof the solvabilit y test using the graph-
representation of the constraint system provide an alternative approach. It
may be possibleto modify the solvabilit y test to createa decomposition plan
for a symbolic constraint solver [7].

The constraint systemcontains equationsof the typesin Table2. We alsoadd
one equation per direction vector to ensurethat it is a unit vector. We solve
the constraint systemusing numerical optimization methods basedon quasi-
Newton (variable metric) methods [6,15,21].These need an approximation
method for the Hessianmatrix of secondpartial derivativesand a line-search
method. For the latter we consideredthe Goldstein-Armijo and PWS meth-
ods [21]. While both perform well, PWS is more stable and more suitable for
the BFGSquasi-Newtonupdate.For the Hessian,the BFGSupdate is a widely
usedand suitable method. Instead of the simple BFGS iteration formula we
usea formula basedon the Choleskydecomposition of the Hessianmatrix with
a condition guard initiating restarts of the iteration [21]. Further numerical
stabilit y wasachieved by using a damped versionof BFGS [13], at the cost of
an increasednumber of iterations. Using a hybrid method switching between
BFGS and Gauss-Newtonstepsimproved convergencerates while still giving
acceptablenumerical stabilit y [15].

After a numerical solution to the constraint system has been found, an im-
provedmodel is rebuilt usingthe topologicalinformation from the initial model
and the featurevaluesfrom the numerical solution. We createnew facesusing
the solution of the constraint systemand re-intersect them to obtain the com-
plete model. The solution of the constraint systemgivesvertex positions and
the faces.Sharpedgesare found usinga surface-surfaceintersectionalgorithm
for adjacent surfaces,guided by the initial model to determinewhich part of
the intersection curve is required. For smooth edges,the intersection is tan-
gential and cannot be computedin this way. Such special casesare computed
separatelyfor all combinations of the consideredsurfacetypes.

Additional adjustments include moving the object to a special position and
orientation with respect to certain determined vertex positions, orthogonal
systemsand main axes.
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Time tak en in

Analysing: 0:1 sec.

Selecting: 1:6 sec.

Solving: 2:1 sec.

Total: 3:8 sec.

Detected Regularities Tol. Level

1 orthogonal system 3�

2 pairs of parallel directions 1�

1 pair of parallel directions 3�

6 setsof special angles 0:1� to 3�

2 pairs of aligned axes 1�

1 pair of aligned axes 3�

1 intersectionof 3 axes 0:15

I 1 intersectionof 2 axes 0:05

1 equality of 8 lengths 0:1

I 2 equalitiesof 3 and 5 lengths 0:04

3 setsof special edgelengths 0:001 to 0:1

Figure 5. A Simple Model from Simulated Data with Test Results.

7 Exp erimen ts

We have tested our ideasusing models reverseengineeredfrom both real and
simulated data, and we now provide some of the results. The system was
implemented on a GNU/Lin ux system having a Pentium II I 700MHz with
256MB RAM. We �rst discussa simple model reverseengineeredfrom sim-
ulated data to show the generalproperties of our systemin detail. Then we
discussexamplesusing models reverseengineeredfrom real data.

7.1 A Simple ExampleUsing Simulated Data

We illustrate the generalbehaviour of our method using simulated data from
a model of a cube with edgelength 2, perturbed by randomly changing the
planenormalsby up to 3 degreesand facepositionsby up to 0:1 length units.
This model is simple enoughto be able to list the regularities detectedand
explain the behaviour of the system in more detail. An initial model was
reverseengineeredfrom a point set generatedfrom this object.

The analyserdetected21 approximate regularities (seeFigure 5). The com-
plete list has beensimpli�ed for this discussion.We list the number of regu-
larit y types detected at di�eren t tolerance levels (given approximately). We
clearly detect the orthogonal systemof the cube, but at a high tolerancelevel
due to the perturbation. This also causedthe detection of two parallel di-
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rection pairs at a lower tolerancelevel and a third one at a higher level. We
detected six anglesbetween the plane normals with a set of various special
valuescloseto 90� at di�eren t tolerancesas an alternative to the orthogonal
system.Furthermore, two of the plane axis pairs generatedby the centres of
opposite planar facesand the plane normals are quite closely aligned. The
third aligned axis pair is at a higher tolerancelevel.

The intersectionof two of the alignedaxis pairs is at a low tolerancevalue.At
a higher tolerancelevel this intersectionaddsthe third axis pair. This creates
a parent/c hild relation in our regularity structure (seeI in the list). Similarly
we �nd two groups of 3 and 5 edge lengths close to each other which are
combined at a higher tolerance level (again seeI ). For each group we also
found setsof special edgelength valuesat various tolerancelevels.

For the priorities, we have two basicchoices.We can emphasiseregularities so
that the orthogonal systemand all regularities following from it are selected.
Alternativ ely wecanfavour small tolerances, resulting in the selectionof alter-
native regularitieswheree.g.oneof the approximately alignedaxis pairs is not
orthogonal to the other two. However priorities wereset, the numerical solver
found a solution to within a predeterminednumerical tolerance. By setting
the priorities to favour an orthogonal systema cube with edgelength 2 was
created as the improved model. Besidesemphasizingparallel directions and
orthogonalsystems,we alsohad to ensurethat integervaluesfor edgelengths
werestrongly favoured to achieve this. In contrast, if we favoured precisetol-
erances,integeranglesdi�eren t from 90� werechosenfor all relations between
directions.The equaledgelength groupswerecompletelyrejecteddue to solv-
abilit y problems and varying values for edgelengths were selected.We also
tried a third set of priorities which neither emphasizedtolerancenor quality.
In this casewe obtained three aligned axis pairs where two were orthogonal
to each other, but the third one had an angle of 88� to the other two. The
group of three equal edgelengths was acceptedwith a special value 1:9. The
other edgesall had separatespecial length values,or noneset speci�cally by
a regularity, due to solvabilit y issues.

Whether to accept high quality regularities or regularities with small tol-
erancesdepends on assumptionsabout the initial model. Only regularities
satisfying both requirements are likely to be always accepted.In the above
example, the third model may actually be the most likely one if we ignore
our knowledgeof how we perturbed the model. There is someevidencein the
initial model that the third axis is not part of an orthogonal systemas regu-
larities relating to it are at a higher tolerancelevel. In all three casesselecting
particular special valuesfor lengthsand anglesis hard. While we can forceall
edgesto have the samelength, this alsomeansthat we have to accepta high
tolerancelevel and so various special valuesbecomepossible.

The time taken to improve this model was 3:8 seconds;a detailed breakdown
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Mo del (a) (b) (c) (d)

Reg. Cons. Reg. Cons. Reg. Cons. Reg. Cons.

Total 229 743 382 1808 216 1263 487 2555

Selected 67 217 164 683 156 910 227 1453

Faces 11 19 14 25

Time in

Analysing 0.2 sec. 0.6 sec. 0.5 sec. 0.9 sec.

Selecting 12.9 sec. 27.3 sec. 18.9 sec. 38.5 sec.

Solving 24.4 sec. 58.2 sec. 45.6 sec. 113.3sec.

Total 37-.5 sec. 86.1 sec. 64.9 sec. 152.7sec.

Table 6. Number of Total and SelectedRegularities/Constraints and Computing
Times for Example Models.

is given in Figure 5. The time for rebuilding the model wasunder 0:1 seconds
and is included in the solving time.

7.2 Improving ReverseEngineered Objects

We now discussthe results of improving four models reverseengineeredfrom
real data. Due to the largenumber of regularitiesfound in thesemorecomplex
models,wedo not present them in detail. Only how the major regularitieswere
handledby the systemis discussed.Our examplemodelsareshown in Figure 6.
Table6 lists the number of regularitiesdetectedand the number of constraints
requiredto describe them, and how many of each wereselectedto improve the
model. Note how large thesenumbersare even for relatively simple objects.

The priorit y valuesfrom Section5 were used,resulting in quality only being
slightly emphasizedover tolerance| in generalthis resultedin the bestoverall
regularity selections(Fine-tuning the values for particular models improved
the results). Changing thesevaluesto favour quality or tolerancehad e�ects
comparableto thosediscussedin Section7.1.

Model (a) hasa central axis, several planeswith normals parallel to this axis
and two parallel planeswith normalsorthogonal to it. Theseregularitieswere
detected and imposedon the model. The two blue parallel planes(only the
onein front is visible), however, could only be madeparallel by allowing large
angular tolerances(about 3� ) dueto an error in the initial model. This angular
error aroseduring registration of the two scannerviews for the opposite sides
of the object, containing the blue planes.(The common points in the range
data used for registration of the two views only belongedto cylindrical and
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(a)

(b)

(c)

(d)

Figure 6. Example Models.

conicalsurfaces,making the rotation anglehard to determine.)Special values
for the cone angle and edgelengths, as well as equal edgelengths, created
similar problemsto thosefor the cube discussedabove.

Model (b) hastwo symmetrically arranged,planar direction setsbasedon the
angle � =4. Togetherwith the orthogonal relation betweenthe symmetrically
arrangedplanesand the blueplanes,theseregularitieshavethe highestpriorit y
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and wereimposedexactly on the model. Edgelengthscausedsimilar problems
to thosefor the cube. Even after adjusting the priorities, only the two groups
of short edgescould be forced to be of the samelength. The values in the
other two groups of lengths were similar, but di�eren t special values were
favouredfor the two groups.Specialratios betweenthesevaluesalsosupported
undesiredvalues.The solvabilit y test correctly determinedthat only oneangle
betweenthe groupsof red and blue planescanbe �xed. However, for the value
of this anglethere wasagaina choicebetweena specialvaluecloseto the value
in the initial modelandoneof high quality. Our method useda particular plane
pair to selectthis angle. If we favoured integer degreesthe closestinteger to
this angleis chosen.The anglein the original designwas10� degree;the plane
pair chosenhad an angle of 45� + 10:8� degreesand thus the angle between
the two plane setswaschosento be 11� . A more sophisticatedanalysismight
be able to useall anglesbetweenthe plane pairs to �nd an averagevalue for
this angle,giving a greater chanceof success.

In model (c) the greennormalsof the planesare arrangedsymmetrically in a
plane,and the axesof the red cylindersare arrangedsymmetrically on a cone.
Theseregularities were well preserved in the initial model (to within about
1� ) and are also of high quality, so they were selected.The edgelengths and
the anglechosenfor the conicalarrangement had the sameproblemsasfor the
other models.In addition, in this casewe had no regularity specifying a direct
relation between the group of cylinders and the planes.Hence,there was a
small anglebetweenthe cylinder axis directions and the plane normals when
projected on the sameplane.The edgelength regularities and the topological
constraints ensured that the lack of a precise relation did not change the
topology, i.e. the cylinderswerenot rotated in a way that they would intersect
with more than onegreenplane.

The directions in model (d) form two orthogonal systems:the normals of the
greenplanesand the remaining directions from the red faces.The regularities
werepresent in the model to within about 2� . As they are alsoof high quality,
they were selected.The 45� degreerelation between the two direction sets
wasslightly more ambiguousas it wasrepresented by individual special angle
values between various direction pairs from the two sets. The relation was
preserved in averageto within about 3� . As our priorit y parametersfavour
45� angles,the relation was imposedexactly on the improved model. Further
regularitiesrelate to equaledgelength and cylinder radii with problemssimilar
to the other models. The regularity selection,however, ensuredthat the two
slots are congruent.
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7.3 Discussion

Usually, the observed tolerancesfor the reverseengineeredreal objects were
slightly smaller than thoseusedfor simulated data. Initial angular errorswere
usually about 1� {2 � and positional errors wereabout 0:5{1 length units (mil-
limetres; scannedpoints wereabout 1 millimetre apart). This madethe prior-
ities of major regularities quite robust to changesin the priorit y parameters,
and they wereusually exactly imposedon the model. The order of selectionof
special valuesand local relations betweenfacesis lessstable and has greater
dependenceon the choiceof priorit y parameters.Especially for modelswhere
high toleranceshave to be acceptedin order to selectthe major regularities,
the uncertainty for specialvaluesis relatively large.We canonly make a guess
within the tolerancedepending on which kind of valueswe prefer.

In all cases,independently of the chosenpriorit y parameters,the numerical
solver was able to solve the selectedconstraint system up to the given nu-
merical tolerance.This is strong evidencethat the selectedconstraint systems
did not contain any inconsistencies.It alsoprovidesevidencethat the generic
solvabilit y test is su�cien t for the kind of modelswe considered.

It is expected that in more complicated models the ambiguity between the
regularities will increaseand selectionof correct designintent will be harder.
Furthermore, this may create situations where the genericsolvabilit y test is
not su�cien t. As weareusinga numericaloptimization method it is still likely
that a solution which generatesa valid model will be found, but it will not
exactly (within numerical tolerance) imposethe regularities on the model.

The time required to improve a model is up to a few minutes. This is accept-
able,especially consideringthe time requiredfor the wholereverseengineering
process,and particularly data acquisition. Most of the time spent in beauti�-
cation is usedin numerically solving the constraint system.

Our research sofar suggeststhat our beauti�cation systemcanbe usedto im-
prove reconstructedmodels,even if more testing is needed(However, in order
to handle more complexmodels the robustnessof the other reverseengineer-
ing phasesalso has to be improved). In particular, our regularity selection
method createsconsistent geometricconstraint systems.The tests show that
major regularities, when only weakly related to other major regularities, are
easily identi�ed and imposedon the model. However, major approximate reg-
ularities which cannot be imposedon the model at the sametime because
they involve similar setsof facesare harder to resolve. No clear decisioncan
be made if neither the tolerancesnor the quality of these regularities di�er
distinctively. Only in caseswere there is a clear major regularity relating to
many facesin the object can a clear decisionbe made. In other casesthere
may be alternative models which are as plausible as the chosenone. A more
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intelligent selectionmethod than simple priorities, which considersthe global
structure of the model, may improve this situation.

A new model having speci�c special valuesfor lengths and anglescannot be
guaranteed. In general there is always a choice between high quality regu-
larities and relations closeto those in the initial model. Note that a chosen
special value is always subject to a tolerance.If the special value is within the
tolerancechosenin the original designthis shouldnot causea major problem.
Our systemallows the setting of various tolerancesfor the precisionpresent
in the initial model [10]. Higher precisioncan be achieved only by creating a
more exact initial model.

8 Conclusion

We have presented an e�cien t systemto beautify simple reverseengineered
geometricmodels. The core components of this systemare regularity detec-
tion methods reported in earlier work [5,10{12,16,17]and methods to select
consistent geometric constraints described here. Using this system, weakly
dependent major regularities can be identi�ed and imposedcorrectly on the
model. The regularities are always selectedsuch that the corresponding con-
straint systemis consistent in a genericsense.Experiments show that generic
solvabilit y is su�cien t to �nd solutionsof the constraint systemwhich can be
employed to successfullyimprove the model.

Future work will consider topological changesto the model and alternative
methods for selectingregularities in the presenceof inconsistencies.
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